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Abstract. We study the electronic and magnetic structure of the undoped ideal two and three-leg ladder
cuprates by assuming a moderate on site coulombic repulsion. This analysis is an extension of the Fermi
liquids studies proposed for the CuO2 plane in view to explain the high Tc superconductivity and the
competition with the antiferromagnetic phase. At zero doping, the quasi-one-dimensionality of the structure
results in SDW correlations with different (commensurate) vectors according to the number of legs, which
contrasts with the predictions made from the Heisenberg model. At mean field, and for n = 3 (Sr2Cu3O5),
we predict a magnetic ordered state, detected by µSr and NMR measurements with critical temperatures
consistent with our assumptions on the physical parameters, the modulation vector being π/2. The presence
of several bands at the Fermi level explains why there is no observable gap in the static susceptibility
measurements. For n = 2, we predict a gap consistent with experimental Curie susceptibility. But the
expected magnetic instability is detected only in La2Cu2O5, where the interladder coupling is stronger.
In every case the one-dimensional van Hove singularities are far from the Fermi level, making difficult the
obtaining of high Tc superconductivity.

PACS. 74.70.-b Superconducting materials (excluding high-Tc compounds) – 74.20.-Fg Superconducting
materials (excluding high-Tc compounds) – 75.10.-Lp Band and itinerant models

1 Introduction

It is a common idea that the superconductivity in the
cuprates cannot be understood independently of their
magnetic properties: indeed spin fluctuations are observed
even in the superconducting phase, and a gap in the spec-
trum of the spin excitations is evidenced in inelastic scat-
tering neutron measurements [1]. This has been identified
as the spin gap of the strong interactions t-J model [2],
according to which it would stabilize the superconduct-
ing holes pairs in the doped CuO2 plane [3]. On the other
hand, sizeable isotope effects on the critical superconduct-
ing temperature [4], but also charge ordering involving
the crystal lattice [5] and competing the superconductiv-
ity [6], have been observed in many compounds, raising
the influence of the electron-phonon coupling on pairing.
It is therefore an extremely controversial question as to
whether superconductivity finds its physical origin in the
spin correlations, or simply coexists with them, the pair-
ing being due to another mechanism, such as the electron-
phonon interaction.

a e-mail: germain@univ-paris12.fr

To clarify this question the symmetry of the gap has
been intensively studied, since this latter is closely related
to the pairing mechanism [7]. Alternatively, the discov-
ery of a new class of cuprates, the ladder compounds
[8], has opened a new track of investigations. These sys-
tems consist of n parallel Cu–O chains interacting through
Cu–O–Cu bounds. Typical examples are the SrCu2O3

(n = 2) and Sr2Cu3O5 (n = 3) compounds, where the
structure induces a very weak interladder coupling [8]. Up
to now, they have been considered essentially as Mott in-
sulators, and described in the limit of strong local repul-
sion, with an antiferromagnetic Heisenberg model [9]. The
most striking result in this limit is that the nature of the
ground state and the excitations spectrum are critically
different whether the number of legs of the ladder is even
or odd: roughly, the two-leg ladder can be regarded as
made of singlet pairs S = 0 stabilized along each rung by
the AF coupling, whereas in the three-leg ladder the fun-
damental of each rung has a total spin S = 1/2. The for-
mer is therefore expected to be magnetically disordered,
with a spin gap corresponding to triplet excitations ob-
servable in susceptibility and NMR measurements. On the
contrary, the latter has gapless collective modes and may
exhibit an AF long range order stabilized by the presence
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Fig. 1. (a) Structure of the plane CunO2n−1 for n = 2 (SrCu2O3) and n = 3 (Sr2Cu3O5) [8]. (b) Unit cell of the two legs
ladder.

of a weak 3D coupling. Various numerical studies [10,11]
confirm this picture, which strongly privileges the coupling
along each rung, even in the true physical case where the
perpendicular coupling along the legs has the same magni-
tude as along the rungs (one finds ∆spin gap = J/2 for the
two-leg ladder [9–11]). In the two-leg ladder this results
in superconducting or CDW correlations between singlet
holes pairs upon doping [10,12].

The scenario is quite different if we study these systems
on the other side of the Mott transition, e.g. for a coulom-
bic repulsion smaller than the bandwith (U < W ): start-
ing from the weak coupling limit, the ladder has a quasi
1D band structure, with a nested Fermi surface, leading to
spin density waves correlations for different wave vectors
according to the number of legs: for instance, for n = 2, the
nesting vector is q = 2π/3 along the direction of the ladder
[13], whereas for n = 3, we find in this paper the two vec-
tors q1 = π/2 and q2 = π. The interladder coupling should
also play an important role since an AF state has been
found to be stable [14] in the weak coupling regime, for

the specific case of La2Cu2O5(n = 2) where the interlad-
der coupling is much stronger than in SrCu2O3. Moreover,
in a standard electron-phonon mechanism these correla-
tions are expected to compete with the superconductivity
by opening a gap at the Fermi level. Therefore, a part from
its intrinsic interest, and the search of new superconduc-
tors, the ladder compounds should provide excellent tests
for the validity of the theories and the understanding of
the high Tc mechanism.

The superconducting copper oxides are mostly con-
sidered as strongly interacting systems on the basis of
the high energy photoemission spectroscopy (UPS, XPS)
that shows the existence of satellites attributed to the lo-
cal on site repulsion on the copper atoms [15]. However
these results do not constitute a direct measurement of
U , and weak coupling approaches have also been proposed
to describe the electronic and magnetic structure of the
CuO2 plane. These could explain many of their physical
properties, by introducing a standard BCS coupling and
moderate coulombic repulsion: high Tc superconductivity
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due to the (experimentally observed) van Hove singular-
ity, anomalous isotope effect [16,17] and gap anisotropy
[18], and competition between antiferromagnetism and su-
perconductivity according to the doping [19,20]. The cor-
rect description of the strange metal state (Fermi Liquid
vs. non Fermi Liquid) is also controversial. From a Fermi
Liquid point of view, there exists various proposals to
describe the anomalous properties of the metallic phase
by the nearness of the magnetic instability (in a weak
[19,21,22], but also strong coupling scheme [23]), or, al-
ternatively, by the proximity of the van Hove singularity
[24], or charge instability in the presence of strong corre-
lations [25]. These questions are intensively studied, one
question being to describe in a consistent way the sys-
tem close to the instability by diagrammatic expansions.
In this context, extending the limit U < W to the ladder
cuprates should also be instructive, as the strong coupling
limit is already being investigated.

A magnetic susceptibility measurement performed in
SrCu2O3 [26] has confirmed the prediction of the existence
of a gap in the two-leg ladder, since this susceptibility
could be fitted by the law χ(T )∝T−1/2 exp(−∆T )expected
from the Heisenberg model [27], with ∆ = 420 K. This
gap seems to be absent in Sr2Cu3O5, in agreement with
the spin gap scenario. Moreover, NMR and µSR experi-
ments [28,29] indicate the existence of a long range order
in Sr2Cu3O5 (with Tc = 55 K). However, the spin gap
found in NMR for SrCu2O3 is ∆′ = 680 K [30], much
larger than ∆. Moreover, a magnetic transition has been
observed in the n = 2 compound La2Cu2O5 with Tc =
117 K [31] although the magnetic susceptibility measure-
ments had found previously that χ(T ) was remarkably
similar to the one of SrCu2O3, with ∆ = 473 K [32] (see
Sect. 3.1).

As progress are made in the synthesis of the ladders
materials, the experimental situation will be progressively
clarified. That is why we propose to study in this paper the
alternative theoretical scenario of an itinerant electrons
model [13]. In Section 2 we calculate analytically a sim-
plified band structure for an isolated two-leg and three-leg
ladder. We show that their quasi-one-dimensional charac-
ter induces nesting instabilities of the Fermi surface. In
Section 3, we treat the resulting magnetic instabilities in
the mean field approximation, and discuss the experimen-
tal results. We point out the qualitative differences ex-
pected in comparison with the strong interactions limit.
Section 4 is the conclusion.

2 Band structure of the ladders

2.1 The two-leg ladder

The ladder plane Cu2O3 of SrCu2O3 is shown in Figure 1a:
each ladder is made of two Cu-O(I) chains coupled by
Cu-O(II)-Cu rungs. Two adjacent ladders are structurally
linked by Cu-O(II) bounds, parallel to the b vector. The
unit cell, containing ten atoms (Cu4O6), is tripled along
b, with b = 3a (a = 3.934 Å, b = 11. 573 Å and c =
3.495 Å [8]). In the Cu2O3 plane, each copper atom is
surrounded with four oxygen neighbors, as in the stan-
dard CuO2 plane. The difference comes from the fact that
each O(I) atom is coupled to the copper atoms of the two
adjacent ladders by two different respective orbitals: px
and its orthogonal py. By neglecting their small coupling
induced by the crystal lattice, the electronic structure of
a Cu2O3 plane reduces to the 2Ny degenerate structure
of one isolated Cu2O5 ladder, with two holes per ladder.
As for the CuO2 plane [16], the simplest approximation
consists in retaining only the coupling between the dx2−y2

orbital of the copper and the px or py orbitals of the oxy-
gen atoms which have the strongest overlap (Fig. 1b). The
band structure is made of seven branches. The eigen states
and energy levels are given by:

〈r|Ψn,k〉 =

Ny∑
l=1

{eikla(an,k χ(r− rl
(1)) + bn,k χ(r− rl

(2))

+ cn,k Φx(r− rl
(3)) + dn,k Φx(r− rl

(4))

+ en,k Φx(r− rl
(5)) + fn,k Φy(r− rl

(6))

+ gn,k Φy(r− rl
(7)))} (1a)

and

see equation (1b) above

with χ (r)= 〈r|dx2−y2〉, φx (r)= 〈r|px〉 and φyr= 〈r|py〉.
The vectors rαl locates the atom indexed α, with α
= 1, ..., 7 (Fig. 1b), of the lth cell. The normal-
ization of |ψn,k〉 involves: |an,k|2 + |bn,k|2 + |cn,k|2 +
|dn,k|2 + |en,k|2 + |fn,k|2 + |gn,k|2 = 1. εp and εd are
respectively the atomic level of the oxygen and cop-
per atoms, γx = 〈px|H0|dx2−y2〉 is the transfer in-
tegral between the copper and oxygen atoms indexed
by α = 1 and α = 4 respectively, ±γ′x the one be-
tween the copper and the oxygen atoms α = 3, 5
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and γy = 〈py|H0|dx2−y2〉 between the oxygen sites
α = 6, 7 and the copper sites α = 1, 2 respectively. H0 is
the non interacting Hamiltonian. The diagonalization of
(1) is straightforward. One gets:

εk = εp for

ak = bk = 0
−γ′xck + γxdk + γy(1− e−ika)fk = 0
−γxdk + γ′xek + γy(1− e−ika)gk = 0

(2a)

and

ε±1,k =
εd + εp

2
±

√(
εd − εp

2

)2

+ γ′2x + 2γ2
y(1− cos ka)

for ak = bk = dk = 0,

ε±2,k =

εd + εp

2
±

√(
εd − εp

2

)2

+ 2γ2
x + γ′2x + 2γ2

y(1− cos ka)

for ak = −bk =
εp−ε

±
2,k

2γx
dk,

and

ck = (−1)nek =
−γ′x

εp − ε
±
n,k

ak,

fk = (−1)n+1gk =
γy(1− eika)

εp − ε
±
n,k

ak. (2b)

The three bands reducing to the oxygen level (εk = εp)
have a vanishing weight on the copper atoms. As in the
CuO2 plane, the inclusion of a small coupling between the
nearest neighbor oxygen atoms would simply replace this
discrete level by a very tight band, well below the Fermi
level. This latter is crossed by the two antibonding bands
(ε+

1,k) and (ε+
2,k) expressed in (2b). To clarify their physical

meaning, let us consider the limit |εd − εp| � γx,y:

ε+
1,k = ε0 + tx − 2ty cos ka

ε+
2,k = ε0 − tx − 2ty cos ka (3)

with ε0 = max (εd, εp) +
γ′x+γx+2γy
|εp−εp|

, and tx,y =
γ2
x,y

|εp−εp|
.

Therefore (ε+
1,k) and (ε+

2,k) are respectively the antibond-
ing and bonding bands resulting from the coupling be-
tween the antibonding sub-bands (ε+

k = ε0 + 2ty cos ka)
of the two Cu-O chains. In the ideal case, tx = ty = t.
Then, the two bands structure is symmetric with respect
to ε0, that coincides with the Fermi level in the undoped
material. Especially, the coupling between the two 1D
Cu-O chains does not lead to a loss of nesting of the Fermi
surface: indeed, for tx = ty, the same vector q = 2π/3a
connects the two opposite sides ±knF of the Fermi sur-
face for each one of the two bands n = 1 and n = 2,
whose respective fillings are 1/3 (k1F = π/3) and 2/3
(k2F = 2π/3). Thus, the whole Fermi surface is nested by

q for which we expect strong Spin Density Wave (SDW)
correlations that could explain the gap observed in the
susceptibility and transport measurements (Sect. 3). For
tx 6= ty, or upon doping, the nesting of each band is no
longer realized by the same vector. Therefore, we expect
this gap to depend strongly on the ratio ty/tx and on the
doping rate. Contrary to the CuO2 plane, the Fermi level
is far from the van Hove singularities (ε = ε0 ± t) and
(ε = ε0 ± 3t), lying at the top and the bottom of each
bands: the oxydation degree needed to reach the closest
singularity (ε = ε0 − t) by hole doping is Cu2.5. Thus,
the two-leg ladder compounds, in this model, are much
less favourable to the high Tc superconductivity than the
2D cuprates. We have excluded in this paper the more
complex case of (Sr, Ca)14Cu24O41 [33], that contains 7
ladders planes Cu2O3 and 10 planes of CuO2 chains [34],
where a superconducting transition is observed around 12
K under high pressure [35], since this latter is attributed
to the chains [36].

2.2 The three-leg ladder

The ladder plane of Sr2Cu3O5 is shown in Figure 1a: each
ladder consists of three Cu-O chains coupled by “double
rungs”. The unit cell (Cu6O10) contains two ladders along
the b axis that, with the same approximation as in 2.1,
we consider as decoupled. The electronic band structure
of one isolated ladder Cu3O7 contains ten branches, four
of them reducing to the oxygen atomic level. The other
six bands are divided in three bonding and three anti-
bonding bands. These result respectively from the cou-
pling between the bonding (antibonding) sub-bands of the
three Cu-O chains. In Sr2Cu3O5, with one hole per cop-
per site, the Fermi level lies in the antibonding states. For
|εd − εp| � γx,y, one gets:

ε+
1,k = ε0 +

√
2tx − 2ty cos ka

ε+
2,k = ε0 − 2ty cos ka

ε+
3,k = ε0 −

√
2tx − 2ty cos ka. (4)

This expression can be generalized by (ε
(d)
n,k = ε0 −

2t cos nπ
d+1 − 2t coska), with d the number of Cu-O chains,

which gives the usual bidimensional relation dispersion
(εk = ε0 − 2t coskxa− 2t cos kya) when d goes to infinity.
As for the two-leg ladder, the antibonding part of the band
structure is symetric with respect to ε0, and the Fermi
level εF is εF = ε0. As shown in Figure 2, the nesting
vector is q1 = π/2a for (ε+

1,k) and (ε+
3,k), whose respective

fillings are 1/4 and 3/4, and q1 = π/a for (ε+
2,k) which is

half filled. The metallic state is therefore unstable against
a SDW state (for sufficient 3D couplings), characterized
by the two vectors q1 and q2 = 2q1. Note that the pres-
ence of this second harmonic is not simply due to the self
consistency, but essentially to the band (ε+

2,k) that crosses

the Fermi level for kF = ±π/2a. As we will see in the next
section, the fact that the Fermi Surface is nested by two
different vectors will lead to a strong reduction of the gap
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Fig. 2. Band structure of the ladder for n = 2 (a) and n = 3
(b). The arrows represent the nesting vectors in the undoped
material.

in the elementary excitations even if a long range order is
stable. Doping or a variation of the ratio ty/tx will also
reduce the gap. As in the two-leg ladder, the Fermi level
is rather far from the van Hove singularities in the un-
doped material since the closest singularity corresponds
to Cu2.27+. Moreover, due to the interchain coupling that
lowers the degeneracy, the amplitude of each 1D singular-
ity is divided by 3 with respect to the isolated chain.

3 Magnetic structure of the two-leg
and three-leg ladder

Due to the nesting properties of the Fermi surface for both
the two-leg and three-leg ladders, the inclusion of an arbi-
trarily weak on site repulsion leads at mean field level and
T = 0 K, to a SDW order of vector 2kF which lowers the
coulombic energy for vanishing kinetic cost. Beyond mean
field, the long range order is reduced by the Goldstone

modes (ωq → 0) associated with the broken symmetry. In
the undoped material, these reduce to the spin rotation
modes, corresponding to the spin independence of the in-
teraction Hamiltonian in the absence of external (or local)
magnetic field. The phasons have for their part a finite en-
ergy for q → 0, since the magnetic order is commensurate
with the lattice, as for the CuO2 plane at half-filling.

For d ≤ 2, the thermal fluctuations are sufficient to
destabilize the long range order at finite temperature [37],
and for d = 1, the long range order is destroyed even
at T = 0 K by the Goldstone modes; in this case the
system is characterized by a slow algebraic decay of the
spin correlations in real space (quasi long range order)
[38], whereas, in the presence of a magnetic potential, the
spin rotation modes have a gap and the SDW is stable at
T = 0 K, as for d = 2. But in fact, in the real material, the
existence of small 3D couplings allows for the existence of
an ordered phase at finite temperature. This is observed in
the 2D cuprates for which a 3D antiferromagnetic state is
stable with, for instance, a Neel temperature TN = 250 K
in La2CuO4. For T > TN , the three-dimensional order is
replaced by strong bidimensional spin fluctuations inside
each CuO2 plane [39]. Therefore, a bidimensional mean
field discussion is qualitatively valid, although the calcu-
lated critical temperature, corresponding to the annula-
tion of the moments, is larger than the experimental TN ,
that corresponds to their disordering [19]. In this section
we will apply the same description to the ladder materials
since many of their electronics properties (transport and
magnetism) seem to be determined by the physics of the
1D ladder [26,28–30].

3.1 The two-leg ladder

Close to the Fermi level, the band structure of the two-
leg ladder can be described, for |εd − εp| � γx,y, by the
effective Hamiltonian:

H0 =
∑
k,σ

n=1, 2

εn,k a
+
n,k,σ an,k,σ

ε1
2,k

= ε0 ± t− 2t coska

a+
1
2,k,σ

=
1√
2Ny

Ny∑
l=1

eikla(c+l,1,σ ± c
+
l,2,σ) (5)

where c+l,1,σ(c+l,2,σ) is the electron creation operator on the

1st (2nd) copper site of the 1th rung. a+
1,k,σ(a+

2,k,σ) cre-

ates an electron in the antibonding (bonding) state aris-
ing from the coupling between the two Cu-O chains, t
is the transfer integral between nearest neighbor copper
sites mediated by the intercalated oxygen atom. Adding
the Hubbard on site repulsion, expressed in the k space,
we get:

H = H0 +H1

H1 =
U

Ny

∑
k,k′,q
n=1, 2

a+
n,k,↑an,k+q,↑a

+
n,k′−q,↓an,k′,↓. (6)
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For a sinusoidal SDW of vector ±q0 = 2π/3a, the lin-
earized Hamiltonian is:

HMF =
∑
k,n,σ

En,k a
+
n,k,σ an,k,σ

− U
m

2

∑
n,k,σ

σ(a+
n,k−q0,σ

an,k,σ + h.c.)

− 2UNy(
ρ2

4
−
m2

2
) (7)

where En,k = εn,k + U ρ
2 , ρ = 〈c+l,i,↑cl,i,↑〉 + 〈c+l,i,↓cl,i,↓〉, is

the electron number per copper atom (with ρ = 1 in the
undoped material), and m = 1

2

∑
n,k〈a

+
n,k−q0,↑

an,k,↑〉 =

−
∑
n,k〈a

+
n,k−q0,↓

an,k,↓〉 the amplitude of the modulation.
The corresponding spin density in the real space can be
written: ρl,i,σ = 〈c+l,i,σcl,i,σ〉 = ρ

2 +σm cos(2π
3 l) for i = 1, 2.

In the ordered state, the 1st Brillouin zone is divided by
3. Therefore the exact resolution of (7) reduces to a 3 × 3
matrix, from which the value of m can be determined by a
self-consistent numerical calculation. To get an analytical
expression, however, we will use the standard approxima-
tion that consists in keeping only the states lying close
to the Fermi level, since they bring the main contribution
to the SDW. By linearizing the dispersion relations of the
two bands close to the Fermi points, we get:

E±1,k = ε0 ±

√(
Um

2

)2

+ ν2
F (|k| − k1F )2 for |k| <

π

3a

E±2,k = ε0 ±

√(
Um

2

)2

+ ν2
F (|k| − k2F )2 for |k| <

2π

3a
(8)

where νF is the Fermi velocity, given by νF =
√

3 ta
for each one of the two bands. The Bragg reflection
wavevector ± 2π

3a opens a Slater gap ∆ = Um at the Fermi
level for the two bands, as the quantum resonance between
the Fermi points is induced by the same potential Um/2
(Eq. (7)). As a result, the SDW is insulating and a gap
in the magnetic excitations is expected for q → 0 at low
temperature, as observed in the Curie susceptibility mea-
surements [26,32]. The mean field value of ∆(T = 0) is
obtained by minimizing the total energy. From (7, 8), we
get:∫ π

3a

0

dk√
∆2

4 + ν2
Fk

2
+

∫ 2π
3a

0

dk√
∆2

4 + ν2
Fk

2
=

4π

Ua
· (9)

Assuming that ∆� νFkiF , equation (9) gives:

∆(T = 0) =
4π
√

2νF
3a

exp(−
2πνF
Ua

) · (10)

As the nesting is realized for the two bands ∆ has the
same exponential behavior as for an isolated chain. With

νF =
√

3ta, we get: ∆(0)
t
≈ 10.26 exp(−10.00t/U). In

La2CuO4, it was found in [18] that the experimental value

m0 ≈ 0.4 corresponds, in the mean field approximation,
to t/U = 0.5. Such a value is consistent with the basic
assumption of itinerant electrons. Due to the quantum
fluctuations a larger value of U is actually needed but, as
we use here the same approximation, we have kept this
ratio for the calculation. We get ∆(0)/t ≈ 0.44, lead-
ing to ∆ ≈ 440 K for t = 1 eV and ∆ ≈ 220 K for
t = 0.5 eV. Such values are in qualitative agreement with
the susceptibility measurements performed in SrCu2O3

(∆ ≈ 420 K), but also in La2Cu2O5 where the interladder
coupling is stronger. In this latter, however, this additional
coupling is probably necessary for a correct description of
the electronic structure, as suggested by [14].

Our main difficulty is that the gap found in our model
should correspond to a magnetic order (with vector q0)
which has not been detected in SrCu2O3 by the Cu-NMR
and µSR measurements, contrary to the n = 3 compound
Sr2Cu3O5 where it is observed for 50–60 K (see Sect.
3.2). To explain this discrepancy, one could argue that
the strong 1D fluctuations may destroy the long range or-
der, which would be stable only in La2Cu2O5 because of
the 3D coupling. The problem is that the magnetic tran-
sition is also observed in Sr2Cu3O5, where the interladder
coupling is expected to be the same as in SrCu2O3.

As far as SrCu2O3 is concerned, the results found in
an Heisenberg model seem to be in better agreement, at
least qualitatively, with the experimental data: the ground
state is found to be magnetically disordered, and the
gap observed in the uniform susceptibility can be iden-
tified as the spin gap corresponding to the triplet collec-
tive excitations (∆S.G. ≈ J/2 [9–11]). But, the situation
is more complex when we compare the results found in
SrCu2O3 and in La2Cu2O5: indeed, while a magnetic or-
dered phase is detected in La2Cu2O5, up to 117 K, the
uniform susceptibility χ(T ) shows a remarkable similarity
in the two compounds, and was fit in [32] by the same
law χ(T )α T−1/2exp(−∆

T
), where ∆ is the spin gap equal

to 420 K in SrCu2O3 and 473 K in La2Cu2O5. The exis-
tence of such a gap in the magnetic state is quite natural
in the case of a SDW, provided the full Fermi surface is
nested by the same vector (see Sect. 3.2); but it seems
more paradoxical in a Heisenberg model, as the spin ro-
tation modes should contribute to χ(T ) in the ordered
phase. To reconcile these results, it was suggested in [14]
that, in La2Cu2O5, the intermediate value of the ratio
λ = J ′/J (where J and J ′ are respectively the intral-
adder and interladder couplings) would place the system
close to the quantum transition between the Spin Liq-
uid and the 3D antiferromagnetic state. This would lead
to a very small value of χ(T = 0) in the ordered state,
(χ(T = 0) is exactly equal to zero for the critical ratio λc
corresponding the quantum transition), and its low tem-
perature behavior would be indistinguishable from an ac-
tivated one. However, the phenomenological value corre-
sponding to the experimental critical temperature T0 =
117 K is λ = 0.13 (while λc = 0.121), rather far from
the theoretical one, λ′ = 0.25 that places the system well
within the A.F. phase. Moreover, assuming that λ = 0.13,
the non neglectable value of T0 suggests that the staggered
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moment, and therefore the susceptibility χ(T ), is quickly
increased as soon as λ > λc.

Finally, we note that the magnetic solution studied
for La2Cu2O5 by [14], by introducing in the weak cou-
pling limit the interladder coupling, is very different from
the one obtained in this section for the isolated ladder:
the authors found the antiferromagnetic solution of vec-
tor [π/a, π/a, π/a], as for the 2D cuprates, to be stable
for a small finite value of U due to an imperfect nesting
of the Fermi surface, instead of q = 2π/3 along b in our
calculation. It would therefore be interesting to study the
evolution of the nesting vector with respect to the inter
ladder coupling.

3.2 The three-leg ladder

Close to the Fermi level, the band structure of the three-
leg ladder is described by:

H0 =
∑
k,σ

n=1, 2, 3

εn,k b
+
n,k,σbn,k,σ

εn,k = ε0 − 2t cos
nπ

4
− 2t coska

b+n,k,σ =
1√
Ny

Ny∑
l=1

{
eikla ×

1
√

2

3∑
p=1

(
sin

npπ

4
c+l,p,σ

)}
.

(11)

As seen in Section 2, the Fermi surface is nested by
two distinct vectors: q1 = π

2 for the bands n = 1,
3 and q2 = 2q1 for the band n = 2. The magnetic
state is therefore characterized by the two components
parameter χ = (∆1,∆2) with ∆i = Umi and mi =
1
2

∑
n,k〈b

+
n,k−qi,↑

bn,k,↑〉 = − 1
2

∑
n,k〈b

+
n,k−qi,↓

bn,k,↓〉, which
in the real space corresponds to the spin density: ρl,i,σ =
ρ/2+σm1 cos(πl/2+φ1)+m2/2 cos(πl+2φ1 +φ2). In the
absence of external magnetic field, the total energy is in-
variant by translation, so we can choose φ1 = 0. Moreover,
asm2/2 cos(πl+φ2) = m2/2 cosφ2 cosπl, the two parame-
ters m2 and φ2 reduce to a single one (m2/2 cosφ2 → m2)
and ρl,i,σ is:

ρl,i,σ =
ρ

2
+ σ

[
m1 cos

πl

2
+
m2

2
cosπl

]
. (12)

The pre-factor m2/2 for the second harmonic comes from
the fact that −q2 is the same vector as q2, while both q1
and −q1 contribute to the first harmonic. The linearized
Hubbard Hamiltonian writes:

HMF =
∑
k,n,σ

En,k b
+
n,k,σ bn,k,σ

− U
σ

2

∑
n,k,σ

(∆1b
+
n,k−q1,σ

bn,k,σ

+∆2 b
+
n,k−q2,σ

bn,k,σ + h.c.)

− 2Ny

(
Uρ2

4
−
∆2

1

2U
−
∆2

2

4U

)
(13)

Fig. 3. Variation of the reduced order parameter
(∆1/t,∆2/t) versus U/t for T = 0 K.

with En,k = εn,k+Uρ/2 and ρ = 1 in the undoped ladder.
As previously, we propose a simplified version of the exact
resolution of (13), this latter consisting in the diagonali-
sation of a 4 × 4 matrix resulting from the modulation
of vector π/2a of the coulombic potential. For each band,
we will consider only the scattering vector connecting the
opposite sides of the Fermi surface: q1 for n = 1, 3 and
q2 for n = 2. Close to the Fermi level, the one electron
energies are given by:

E±n,k = ε0 ±

√(
∆1

2

)2

+ ν2
1F (|k| − knF )2 for n = 1, 3

E±2,k = ε0 ±

√(
∆2

2

)2

+ ν2
2F (|k| − k2F )2 (14)

with ν1F =
√

2ta for and ν2F = 2ta. Contrarily to the
two-leg ladder, the gap opened at the Fermi level does
not have the same amplitude for every band, since the
scattering potential has two distinct values, ∆1 and ∆2

(for a given magnetic state) according to the considered
band. Using equations (13, 14), the minimization of the
total energy leads to:

∆1(0) = π
√

3
ν1F

a
exp

(
−

3πν1F

Ua

)
≈ 7.70 t exp

(
−13.33

t

U

)
∆2(0) = 2π

ν2F

a
exp

(
−

3πν2F

Ua

)
≈ 12.57 t exp

(
−18.85

t

U

)
.

(15)

In equation (15), ∆1(0) and ∆2(0) differ essentially
in the two distinct values ν1F and ν2F of the Fermi ve-
locities present in the exponential factor, the reduction
being larger for ∆1(0) than for ∆2(0). The variations
of ∆1(0) and ∆2(0) with respect to U/t are shown in
Figure 3. For U = 2t, one gets ∆1(0)/t ≈ 9.8 × 10−3

and ∆2(0)/t ≈ 1.0 × 10−3 which leads to ∆1(0) ≈ 98 K
and ∆2(0) ≈ 10 K for t = 1 eV. As a result, the gap in
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the individual excitations, given by ∆2, has a very small
value at T = 0, and vanishes at very low temperature,
although ∆1(0) and the critical temperature of the mag-
netic transition are of a few tens of Kelvins. An important
consequence is that, in the ordered phase, individual ex-
citations are quickly present in the band (E2,k) when T is
increased from zero, giving rise to a gapless susceptibility

As expressed in equation (15), the expressions of ∆1(0)
and ∆2(0) are independent in the above calculation, be-
cause the bands contributing to each one of the two
harmonics are distinct. This would lead to two critical
temperatures, corresponding to the annulation of each
harmonic. Actually, ∆1(0) and ∆2(0) are linked from
equation (13) by the self consistency, and vanish rigorously
for an unique temperature Tc. Our simplified calculation,
however, shows that there exists two ranges of tempera-
ture: 0 < T < T2 (with T2 close to the usual mean field
value ∆2(0)/3.52 ∼= 3 K) for which each one of the two
harmonics is due to the nesting properties of the Fermi
surface, and T2 < T < Tc (with Tc close to ∆1(0)/3.52)
where the second harmonic ∆2 ≈ 0 since it is only due
to the self-consistency. Thus, as soon as T > T2, the gap
∆2 is much smaller than T and becomes indistinguish-
able in the Curie susceptibility. Moreover, the exponential
behavior, for T < T2, is very difficult to observe exper-
imentally because of the presence of a diverging compo-
nent in the experimental susceptibility for T = 0 K [23].
This latter was attributed by the authors to an impurity
phase. Therefore, due to the existence of two nesting vec-
tors, the magnetic ordering observed around 50–60 K in
Sr2Cu3O5 by the NMR and µSR measurements [28,29]
does not coincide with the opening of a gap in the Curie
susceptibility, as it is observed in [26]. In the Heisenberg
model, the magnetic ordering is consistent qualitatively
with the expectation, at mean field level, of an antifer-
romagnetic state [9]. Beyond mean field the critical tem-
perature strongly depends on the three-dimensional cou-
pling, and the collective modes form an acoustic branch
that results in a gapless susceptibility. Therefore, polar-
ized neutrons experiment should be a determining test for
the two approaches by determining the vector of the spin
modulation.

4 Conclusion

We have studied, in the limit of small on site coulombic re-
pulsion, the magnetic instabilities of ideal ladder systems,
consisting of n Cu-O chains coupled by Cu-O-Cu rungs,
in the cases n = 2 and n = 3. The aim was to propose
an alternative theoretical description of the two-leg and
three-leg ladder cuprates [8] in the undoped regime, that
have been intensively studied in the opposite limit of the
Heisenberg model [9–11,27]. This work is a natural ex-
tension of the Fermi liquids studies [16–21], with phonon
mediated attraction, that have been proposed to describe
the electronic properties of the CuO2 plane, essentially the
antiferromagnetism and the high Tc superconductivity. It
does not apply to the more complex ladder compound (Sr,
Ca)14Cu24O41 [33,34], where a superconducting transition

around 12 K under high pressure is attributed to the CuO2

chains, also present in the structure [35,36].

In the undoped system, the (quasi one-dimensional)
Fermi surface is found to be nested by different vectors
according to the number of legs: q = 2π/3 for n = 2 and,
for n = 3, two distinct vectors, q1 = π/2 and q2 = π,
connect distinct parts of the Fermi surface. This leads in
both cases to commensurate SDW correlations with these
same vectors, contrasting with the prediction of AF cor-
relations for n = 3 but not for n = 2 in the Heisenberg
model. Such a difference suggests that polarized neutrons
measurements would provide an essential test for the the-
ory.

The better agreement with the existing experimental
results is found for n = 3. Indeed the existence, in our
model, of the two distinct nesting vectors q1 and q2 leads
to a magnetic gap with two components (respectively ∆1

and ∆2), lying in distinct electronic bands. At T = 0 K,
∆1 and∆2 depending exponentially of the Fermi velocities
in their electronic bands, we found ∆2(T = 0 K) ≈ 10 K,
while ∆1(T = 0 K) is in a range of 100–400 K, for val-
ues of our physical parameters consistent with our itin-
erant electron model (U/t = 2−2.5). This could explain
the observation, in Sr2Cu3O5, of a magnetic ordering at
50–60 K by the NMR and µSr measurements [28,29], while
no gap is detected in the uniform magnetic susceptibility:
indeed, due to its small value at T = 0 K, ∆2 is quickly
decreased at finite temperature, allowing for the existence
of individual excitations although the SDW is still stable.
Therefore, our results constitute an alternative to the ones
obtained in the Heisenberg model, according to which the
magnetic state is antiferromagnetic, the contribution to
the low temperature susceptibility coming from the Gold-
stone modes. Thus, as a magnetic order is well established
in Sr2Cu3O5, the polarized neutron measurements should
be of crucial interest to determine the accurate solution.

The comparison is less convincing for n = 2: we could
explain, by the presence of a single nesting vector in the
undoped ladder, the gap observed in the uniform suscepti-
bility for SrCu2O3 [26], and found correct values of its am-
plitude for moderate on site repulsion. But the expected
SDW order has only been detected experimentally in the
specific case of La2Cu2O5 [31], for which the interladder
coupling is stronger, and which therefore does not consti-
tute the best test for our model. In our model, the gap
structure observed in χ(T ) should be due to SDW corre-
lations observable in NMR (and neutrons) measurements.
However, we would like to emphasize that the comparison
of the experimental results for SrCu2O3 and La2Cu2O5

is peculiarly intriguing: indeed, the uniform susceptibil-
ity shows a remarkable similarity for the two compounds
(with an estimated activation energy of 420 K and 473 K
respectively [32]), while a magnetic order is detected by
µSR and NMR measurements for La2Cu2O5 only, with a
critical temperature of 117 K. To reconcile these features,
[14] have studied in a Heisenberg model the effect of the
interladder coupling, and suggested that La2Cu2O5 could
be close to a Spin Liquid/AF transition, corresponding to
an inter ladder coupling J ′c ≈ 0.121J . However, the value
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of 117 K for the critical temperature requires an interlad-
der coupling J ′ ≈ 0.13J , much lower than the theoretical
value (J ′/J = 0.25) which places the system well within
the A.F. phase. Therefore the fully consistent description
of the n = 2 compound is not yet well established.

Finally, for n = 2 and n = 3, we have found that the
1D singularity is far from the Fermi level of the undoped
material. Therefore, a high Tc superconductiviting phase
in these systems is probably difficult to obtain since it
requires a large doping rate.
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